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Abstract

Motivated by the burning and cooling processes, the burning game is introduced.
Two players (Burner and Staller) play the game on a graph G by alternately selecting
vertices ofG to burn; as in the burning process, burning vertices spread fire to unburned
neighbors. Burner aims to burn all vertices of G as quickly as possible, while Staller
wants the process to last as long as possible. If both players play optimally, then the
number of time steps needed to burn the whole graph G is the game burning number
bg(G) if Burner makes the first move, and the Staller-start game burning number b′g(G)
if Staller starts.

In this paper, basic bounds on bg(G) are given and several fundamental properties
of the burning game established. Graphs with small game burning numbers are char-
acterized and the game is studied on paths and cycles. An analogue of the burning
number conjecture for the burning game is also considered. Finally, it is shown that
the problem of determining whether or not bg(G) ≤ k is NP-hard.
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1 Introduction

The processes of virus propagation in medicine or in computer networks, or the spread of
the trends over social networks, are just some examples of various natural and engineered
phenomena spread over networks, that are active research topics (see, e.g. [4, 25, 28, 34]).
In all the aforementioned problems, the natural question is how quickly the contagion can
spread over all the members in the network.
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The burning process on graphs was introduced in [11] as a simplified deterministic model
to analyze this question, inspired by the processes of firefighting [5, 19], graph cleaning [2]
and graph bootstrap percolation [3]. (Unknown to these authors, a similar process was
actually introduced much earlier in the paper of Alon [1].) Later on, the cooling process
was introduced in [15] as a dual of the burning process, modeling the mitigation of infection
spread and virus propagation.

The burning and cooling processes are defined as follows (merged together from [10, 11,
14, 15]). For a finite, simple, undirected graph G, the burning process on G is a discrete-time
process, in which each vertex is in one of two states: unburned or burned. Initially, at time
step t = 0, all vertices are unburned. At each subsequent step t ≥ 1 (which we also call a
round), if there are still unburned vertices, one of them is selected to burn – this vertex is
referred to as a source. Once a vertex is burned, it remains in this state for the remainder of
the process. Moreover, every burned vertex at time t spreads the fire to all of its unburned
neighbors at time t + 1. The process continues until every vertex of G is burned. The
burning number b(G) of a graph G is the smallest number of rounds (or time steps) needed
for the process to end. Analogously, the cooling number CL(G) of G is the largest number
of rounds for the cooling process to end. The sequence of sources chosen in an instance of
the burning process (respectively, cooling process) is referred to as a burning sequence (resp.
cooling sequence. The length of the shortest burning sequence is b(G), and for every graph G
it holds that b(G) ≤ CL(G). Note that in the burning process, the selection of a new source
and the spread of fire to neighboring vertices happen simultaneously. Thus, there is a source
selected in every round, even if the selected vertex would have burned in the same round
anyway. Note however that in the cooling process it can happen that there is no source
selected in the last round if all the remaining vertices of the graph already burned.

Although it was only recently introduced, graph burning has stimulated a great deal
of research. Much of this research has focused on resolving the so-called burning number
conjecture posed by Bonato et al. in [11], which asserts that every n-vertex connected graph
G satisfies b(G) ≤ ⌈

√
n⌉. Upper bounds on b(G) have been gradually improved over time

by several authors (see e.g. [6], [8], [29], and [31]). It is known that if the burning number
conjecture holds for trees, then it holds for all connected graphs; thus, several papers have
focused on determining or bounding b(G) for various classes of trees, such as spiders ([13],
[18]) and caterpillars ([23], [30]). Several authors have also investigated the computational
complexity of determining the burning number of a graph; this problem was shown to be
NP-complete by Bessy et al. in [7], although polynomial-time approximation algorithms are
known for several classes of graphs (see [7], [12], [13]). For more details on previous work in
the area, see the recent survey [10].

Motivated by the two aforementioned processes of burning and cooling, we introduce a
new graph game - the burning game. In the burning game on a graph G, the two players
Burner (he/him) and Staller (she/her) take turns selecting vertices of G to burn; as in the
burning process, burning vertices spread fire to unburned neighbors. Burner aims to burn
all vertices of G as quickly as possible, while Staller wants the process to last as long as
possible. The burning game is similar in spirit to several other competitive games based on
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graph parameters, e.g. domination games [16, 33], the coloring game [9, 35], the competition-
independence game [32, 20] and saturation games [22, 26].

Formally, the game is defined as follows. Let G be a finite simple graph. Vertices are
burned or unburned, but once burned they stay in this state until the end of the game. At
time step t = 0, all vertices are unburned. In each time step t ≥ 1, first all neighbors of
burned vertices become burned (the spreading phase), and then one of the players burns one
unburned vertex in this time step as well (the selection phase). The game ends in the first
time step t in which all vertices of G are burned. The aim of Burner is to minimize the total
number of time steps and the aim of Staller is to maximize it. If both players play optimally,
then the number of time steps needed to burn the whole graph G is called the game burning
number bg(G) if Burner makes the first move, and the Staller-start game burning number
b′g(G) if Staller starts.

One time step represents one round in the burning game, whose first part is the spreading
phase, and the second part is the selection phase. The first round in the game consists only of
the selection phase. However, it is possible that the last round ends after only the spreading
phase, if there are no unburned vertices left in the graph.

The burning number of a graph, b(G), can equivalently be viewed as the length of the
burning game in which Burner is the only player, while the cooling number CL(G) can
equivalently be seen as the length of the burning game where Staller is the only player. Just
note that due to our specification of a round into two phases, the burning game with only
Burner playing can slightly differ from the burning processes (in the last round).

1.1 Organization of the paper

The rest of the paper is organized as follows. In the following subsection, we state some
notation that will be used throughout the rest of the paper. In Section 2, we state some
basic bounds on bg(G), establish some properties of the burning game that will be useful
later in the paper, and give structural characterizations of graphs with small game burning
numbers. In Section 3, we consider an analogue of the burning number conjecture for the
burning game. In Section 4, we consider the computational complexity of the burning game;
in particular, we prove that the problem of determining whether or not bg(G) ≤ k is NP-hard.
Lastly, Section 5 contains some concluding remarks and open problems.

1.2 Notation

We use standard graph theory notation throughout. For a given graph G, we denote its vertex
set and edge set by V (G) and E(G), respectively. Given graphs H,F , we write H ⊆ F to
denote that H is a subgraph of F , meaning that V (H) ⊆ V (F ) and E(H) ⊆ E(F ). Given any
set S ⊆ V (G), we denote the (joint) external neighborhood of S by NG(S) = {u ∈ V (G)\S :
ux ∈ E(G), x ∈ S}; when the graph G is clear from context, we simply write N(S). The
closed neighborhood of S in G is NG(S) ∪ S, and is denoted by NG[S] (or just N [S]). When
S consists of only one vertex, x, we write NG(x) (or N(x)) for the external neighborhood
and NG[x] (or N [x]) for the closed neighborhood. The distance between vertices u and v is
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denoted by dG(u, v) (or d(u, v)). If v ∈ V (G) and k ≥ 0, then the kth closed neighborhood
Nk[v] of v is defined as the set of all vertices within distance k of v (including v). We let
degG(x) = |NG(x)| denote the degree of vertex x in graph G; once again, when G is clear
from context, we simply write deg(x). The maximum and minimum vertex degree in a given
graph G are denoted by ∆(G) and δ(G), respectively. If G is a graph and u is a vertex of G,
then the eccentricity of u is defined as ecc(v) = max{d(u, v) : v ∈ V (G)}. The radius and
diameter of G are defined as the minimum and maximum eccentricities, respectively, over
all vertices in G. We denote with G2 the square of a graph G, i.e., the vertex set of G2 is
V (G2) = V (G) and two vertices u, v ∈ V (G2) are adjacent if and only if d(u, v) ≤ 2.

2 Basic properties

In this section, we establish some basic properties of the burning game, as well as several
elementary bounds on bg that will be useful throughout the remainder of the paper.

As might be expected, the game burning number of a graph is closely connected to its
burning number and its cooling number. Our first result formalizes this connection.

Proposition 1. If G is a connected graph, then b(G) ≤ bg(G) ≤ min{CL(G), 2b(G2) − 1}
and b(G) ≤ b′g(G) ≤ min{CL(G), 2b(G2)}.

Proof. Regardless of who plays first, let x1, x2, . . . , xk be a sequence of moves in the burning
game. Selecting x1, x2, . . . as sources in the graph burns the whole graph in bg(G) number
of rounds, thus bg(G) ≥ b(G); similarly bg(G) ≤ CL(G).

To see that bg(G) ≤ 2b(G2)−1, consider the following strategy for Burner. Let b(G2) = k
and let x1, . . . , xk be an optimal sequence of sources for the burning process on G2. Burner’s
strategy in the burning game is to play vertex xi on his ith turn or, if xi is already burned, to
play any unburned vertex. By choice of the xi, every vertex v in G must be within distance
k − i of some xi in G2, thus v must be within distance 2(k − i) of some xi in G. Burner’s
strategy ensures that vertex xi is burned no later than round 2i− 1; since the fire will reach
v within the next 2(k − i) rounds of the game, v will burn no later than round 2k − 1.

A similar argument shows that b′g(G) ≤ 2b(G2); the only change is that Burner plays xi

in round 2i (provided that it is not already burned by then).

Note that since G is a spanning subgraph of G2, any sequence of moves that burns G
would also burn G2; hence b(G2) ≤ b(G). Thus, as a consequence of Proposition 1 we have
bg(G) ≤ 2b(G)−1 and b′g(G) ≤ 2b(G); these bounds are sometimes more convenient than the
bounds involving b(G2). Note also that the use of minimum in the upper bound is needed, as
for example, CL(Kn) = 2 < 3 = 2b(K2

n)−1 and CL(Pn) =
⌈
n+1
2

⌉
> 2 ⌈

√
n⌉−1 ≥ 2b(P 2

n)−1
(see [15] and [11]).

As with the burning number, the game burning number of a graph G can be bounded
above in terms of the radius of G, as we next show.

Proposition 2. If G is a connected graph, then bg(G) ≤ rad(G)+1 and b′g(G) ≤ min{rad(G)+
2, diam(G) + 1}.
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Proof. In the Burner-start game, Burner can burn a central vertex v in round 1, then play
arbitrarily for the rest of the game. Since all vertices are within distance rad(G) of v, they
all burn by round rad(G) + 1; hence bg(G) ≤ rad(G) + 1. In the Staller-start game, Burner
can likewise burn v in round 2 (provided it is not already burned) to ensure that all vertices
burn within rad(G) + 2 rounds, so b′g(G) ≤ rad(G) + 2. Finally, b′g(G) ≤ diam(G) + 1
because no matter which vertex Staller burns in round 1, all vertices will have burned by
round diam(G) + 1.

We conclude this section with another general upper bound for the game burning number.

Proposition 3. Let G be a graph on n vertices. If ∆(G) ≤ n− 2, then bg(G) ≤ n− ∆(G),
and if ∆(G) ≤ n− 3, then b′g(G) ≤ n− ∆(G).

Proof. The upper bound for the Burner-start game follows from an analogous result for the
burning number given in [11]. Burner’s strategy is to start the game by playing a vertex
v with maximum degree and play any unburned vertex available in the next turns. Since
during the spreading phase of round 2 all neighbors of v burn, these vertices can never be
played during the game. Thus at most n − ∆(G) vertices can be played. If the game ends
with one of the players playing the last remaining vertex, then clearly bg(G) ≤ n − ∆(G).
Now suppose that the game ends during the spreading phase of round k (so bg(G) ≤ k).
Since v is not a universal vertex (as ∆(G) ̸= n− 1), we must have k ≥ 3. Since all neighbors
of v burn during the spreading phase of round 2, it must be that some vertex in V (G)−N [v]
burns during the spreading phase of round k. Hence at least ∆(G) + 1 vertices burn during
spreading phases, so at most n − ∆(G) − 1 vertices are played during the game. Thus
k ≤ (n− ∆(G) − 1) + 1 = n− ∆(G).

Let v ∈ V (G) be a vertex with maximum degree. In the Staller-start game, Burner’s
strategy is the following. If Staller starts the game on N [v], then Burner’s first move is
a vertex from V (G) − N [v] (note that this set is not empty since v is not an universal
vertex). This ensures that only one vertex is played on N [v] during the game as they
all burn during or before the spreading phase of round 3. However, if Staller’s first move
is not on N [v], then Burner plays v, and again only one move is played on N [v]. Thus
b′g(G) ≤ max{3, n− ∆(G)} = n− ∆(G).

2.1 Continuation Principle

In this subsection, we present a fundamental result regarding the behavior of the burning
game that greatly simplifies many arguments.

When analyzing the burning game, we would often like to consider a game that is “already
in progress” – that is, with some vertices already burning. Given a graph G and B ⊆ V (G),
we let G|B denote the graph G, with the understanding that the vertices in B are already
burning prior to the start of the game. We refer to the burning game on G|B as the burning
game relative to B, and we denote the number of rounds needed to burn all of G|B –
assuming that both players play optimally – by bg(G|B) if Burner makes the first move, and
by b′g(G|B) if Staller makes the first move.
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The following result, known as the Continuation Principle, formalizes the intuition that
starting the game with additional vertices burned can never increase the length of the game.
(The name Continuation Principle for this result is taken from that of an analogous result
for the domination game; see [27].)

Theorem 4 (Continuation Principle). If A ⊆ B ⊆ V (G), then bg(G|B) ≤ bg(G|A) and
b′g(G|B) ≤ b′g(G|A).

Proof. We provide a strategy of Burner on G|B (under the assumption that Staller is playing
optimally); we call this the real game. Burner imagines that a game is being played on G|A
simultaneously, and we call this the imagined game. Burner will play optimally in the
imagined game, and will use his strategy for that game to guide his play in the real game.
The set of burned vertices after time step t is denoted by R(t) and I(t) in the real and the
imagined game, respectively. Burner will ensure that the following invariant is preserved
after each time step: I(t) ⊆ R(t). Since A ⊆ B, this holds for t = 0.

Fix some t ≥ 0 and consider the state of the game after time step t. Since I(t) ⊆ R(t),
we have N [I(t)] ⊆ N [R(t)], so after the spreading phase of round t + 1, every vertex that is
burned in the imagined game is also burned in the real game. If it is Burner’s turn to select
a vertex in the selection phase, then he considers the imagined game and finds his optimal
move x there. If x is unburned in the real game as well, he copies the move there; otherwise,
he plays x in the imagined game but an arbitrary unburned vertex y in the real game. In
either case we have

R(t + 1) ⊇ N [R(t)] ∪ {x} ⊇ N [I(t)] ∪ {x} = I(t + 1),

so the invariant is preserved after time step t + 1.
Suppose instead that it is Staller’s turn to select a vertex in the selection phase, and

Staller makes a move y in the real game. Since the invariant holds before this move, y is also
a legal move in the imagined game. Thus Burner copies the move y to the imagined game
as the move of Staller, preserving the invariant.

The invariant ensures that the real game finishes at the same time step or before the
imagined game. Let m be the number of moves in the game on G|B if Burner is using
the above strategy. Then since Staller is playing optimally in the real game and Burner is
playing optimally in the imagined game, we have bg(G|B) ≤ m ≤ bg(G|A).

The proof of the continuation principle for the Staller-start game is analogous.

One useful consequence of the Continuation Principle is that we do not need to worry
about whether or not Burner’s moves are legal (i.e. whether or not the vertices Burner
selects are still unburned). Selecting a vertex that is already burned would not enlarge the
set of burned vertices, and thus would never be better for Burner than playing an arbitrary
unburned vertex. Thus, when presenting a strategy for Burner, we may allow him to select
burned vertices, since doing so would not afford him any additional advantage.

Proposition 5. If G is a connected graph, then |bg(G) − b′g(G)| ≤ 1.
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Proof. Let v ∈ V (G) be an optimal first move for Burner. Then by the Continuation
Principle, bg(G) = 1 + b′g(G|N [v]) ≤ 1 + b′g(G), thus bg(G) − b′g(G) ≤ 1. Analogously we
obtain that b′g(G) − bg(G) ≤ 1.

All possibilities from Proposition 5 can be achieved. For n ≥ 2, bg(Kn) = b′g(Kn) = 2.
For n ≥ 3, bg(K1,n) = 2 and b′g(K1,n) = 3. For even n ≥ 4, bg(Qn) = n

2
+2 and b′g(Qn) = n

2
+1

(see [17, Theorem 29]).

Theorem 6. If G is a connected graph and e is any edge in G, then bg(G) ≤ bg(G − e) ≤
bg(G) + 2 and b′g(G) ≤ b′g(G− e) ≤ b′g(G) + 2.

Proof. We argue that bg(G) ≤ bg(G − e) ≤ bg(G) + 2; the proof that b′g(G) ≤ b′g(G − e) ≤
b′g(G) + 2 is similar.

Let e = xy. The lower bound for bg(G − e) is easy to see, as removing one edge from
G cannot decrease the game burning number bg(G), but can only slow down or stop the
spreading process.

To see the upper bound, suppose that Burner plays by strategy B on G− e that uses his
optimal strategy in G, until one of the endpoints of e, say x, burns. Suppose that this occurs
in round k. Note that k ≤ bg(G) since Burner follows an optimal strategy for the game on
G. Moreover, suppose that Staller played a vertex in this round; the other case is similar.
Let S denote the set of burned vertices at the end of round k. Note that since fire has not
yet had the opportunity to spread along edge e, and since Burner has followed an optimal
strategy for the game on G (although Staller might not have), we have bg(G) ≥ k+ bg(G|S),
hence bg(G|S) ≤ bg(G) − k.

If vertex y burns before Burner’s next turn, then the absence of edge e has not impacted
the game, since there would have been no opportunity for fire to spread along e. If the game
ends in the spreading phase of round k + 1, then bg(G− e) = k + 1 ≤ bg(G) + 1. Otherwise,
in round k+ 1 following B, Burner plays y and then continues using the optimal strategy for
G. Burner’s optimal strategy for G− e can last as long as by playing using B, i.e. bg(G− e)
is at most the number of rounds played by B, denote it by tB. Once again, if the game ends
with Burner’s move or anytime during round k+ 2, then bg(G− e) ≤ tB ≤ k+ 2 ≤ bg(G) + 2.
Suppose otherwise, and let z denote Staller’s move in round k + 2. Let S ′ denote the set
of burned vertices at the end of round k + 2, and note that S ′ = N2[S] ∪ N [y] ∪ {z} (with
neighborhoods taken with respect to G − e). Now observe that bg(G − e|S ′) = bg(G|S ′)
because both endpoints of e belong to S ′, so the presence or absence of e does not impact
the game relative to S ′; additionally, bg(G|S ′) ≤ bg(G|S) by the Continuation Principle.
Thus

bg(G−e) ≤ k+2+bg(G−e|S ′) = k+2+bg(G|S ′) ≤ k+2+bg(G|S) ≤ k+2+bg(G)−k = bg(G)+2,

as claimed.

Theorem 6 states that for any graph G and any e ∈ E(G), we have bg(G − e) ∈
{bg(G), bg(G) + 1, bg(G) + 2}. In fact, for appropriate choices of G and e, any of these
three values for bg(G− e) can be achieved.

7



To see that we can have bg(G) = bg(G − e) = k for any k ≥ 2, choose n such that
bg(Pn) = bg(Pn+1) = k, which is possible by Theorem 15. Form a graph G as follows. Start
with a path on vertices v1, . . . , vn in order. Suppose that, in the Burner-start game on this
path, an optimal first move for Burner would be vertex vi. Let y be a neighbor of vi; add
an additional vertex x to G, along with edges xvi and xy. Now bg(G) = bg(Pn) = k, since
Burner can play vi on his first move, thereby burning x before Staller’s first turn. (Note
that the presence of edge xy is irrelevant, since both x and y burn in the spreading phase of
round 2.) However, since G − viy = Pn+1, we have bg(G − viy) = bg(Pn+1) = k = bg(G), as
claimed.

We can use a similar argument to construct a graph G with edge e such that bg(G) = k
and bg(G− e) = k + 1; the only difference is that we need to choose n such that bg(Pn) = k
and bg(Pn+1) = k+1. As before, bg(G) = bg(Pn) = k, but now bg(G−viy) = bg(Pn+1) = k+1.
Likewise, similar arguments can be used to show that we can have (b′g(G), b′g(G−e)) = (k, k)
and (b′g(G), b′g(G− e)) = (k, k + 1).

Showing that we can have bg(G− e) = bg(G) + 2 takes a bit more work.

Example 7. For the graph G in Figure 1, we have bg(G) = 5 and bg(G− vw) = 7.
To ensure that G burns within five rounds, Burner can burn vertex u in round 1, vertex x

in round 3, and vertex y in round 5. Since every vertex G is within distance 4 of u, distance
2 of x, or distance 0 of y, Burner’s moves ensure that the entire graph will be burned by the
end of round 5, regardless of how Staller plays.

Now consider the burning game on G − vw. Suppose Burner aims to burn the graph
within six rounds; we explain how Staller can thwart him. First, note that Burner’s move in
round 1 must belong to N [u]. If Burner plays outside of N [u] in round 1, then Staller can
play either w or y in round 2 – at least one of which is guaranteed to be unburned – which
ensures that u is unburned at the end of round 2, along with all vertices between u and at
least five of u1, u2, u3, u4, u5, and u6 (without loss of generality u1, u2, u3, u4, u5). At the end
of round 2, u1, u2, u3, u4, and u5 are all distance 5 or greater from all burned vertices, so fire
cannot spread from any currently burning vertex to any of these five vertices within rounds
3-6. Additionally, these five vertices are pairwise distance 8 apart, so no single move played
in rounds 3-6 could cause more than one of these vertices to be burned by the end of round
6. Consequently, if Burner does not play his first move in N [u], then the graph cannot be
fully burned by the end of round 6.

Suppose then that Burner plays his first move in N [u]. In round 2, Staller will burn u1. At
the end of round 2, no vertices have been burned in the component of G−vw−{v1, v2, v3, v4}
containing w. Arguments similar to those in the preceding paragraph show that if Burner
does not burn some vertex in N [w] in round 3, then some wi will remain unburned by the
end of round 6; likewise, if he does not burn some vertex in N [x] in round 3, then some xi

will remain unburned by the end of round 6. Since no vertex belongs to both N [w] and N [x],
at least one vertex will remain unburned by the end of round 6, hence bg(G− vw) ≥ 7.

We have argued by the above paragraphs that bg(G) ≤ 5 and bg(G − vw) ≥ 7. By
Theorem 6, we have bg(G− vw) ≤ bg(G) + 2 ≤ 7, which implies bg(G− vw) = 7. Moreover,
by the same theorem, we have 7 = bg(G − vw) ≤ bg(G) + 2, and hence bg(G) ≥ 5, which
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v3

w
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Figure 1: The graph G in Example 7 with bg(G) = 5 and bg(G− vw) = 7.

implies bg(G) = 5.

The following lemma is a useful consequence of Theorem 6.

Lemma 8. If H is a spanning subgraph of G, then bg(G) ≤ bg(H) and b′g(G) ≤ b′g(H).

2.2 Characterizations

In this subsection, we give structural characterizations of graphs having small game burning
numbers.

Proposition 9. Let G be a connected graph.

1. bg(G) = 1 if and only if G = K1;

2. b′g(G) = 1 if and only if G = K1;

3. bg(G) = 2 if and only if G ̸= K1 and ∆(G) ≥ |V (G)| − 2; and

4. b′g(G) = 2 if and only if G ̸= K1 and δ(G) ≥ |V (G)|−2 (if and only if G is isomorphic
to a complete graph on at least two vertices without a (possibly empty) matching).

Proof. Let |V (G)| = n.

1. If G = K1, then trivially bg(G) = 1; since only one vertex is burned in the first round,
clearly bg(G) > 1 if n ≥ 2.

2. Same as above.
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3. If ∆(G) ≥ n−2, then Burner’s strategy is to first play a vertex of degree at least n−2.
In the second round, all vertices but at most one are burned, thus Staller has no other
option but to play the remaining unburned vertex and so bg(G) ≤ 2. Since G ̸= K1,
bg(G) ≥ 2.

Now suppose that bg(G) = 2. Suppose that, in an optimal strategy, Burner plays vertex
v in round 1. The remaining vertices in N [v] burn in the spreading phase of round 2.
It must be that G−N [v] contains at most one vertex, since otherwise the game would
not end after Staller’s turn in round 2. It follows that ∆(G) ≥ deg(v) ≥ n− 2. Since
bg(G) ̸= 1, G ̸= K1.

4. If G is a graph on at least two vertices with δ(G) ≥ n−2, then for every vertex v ∈ V (G)
it holds that G − N [v] contains at most one vertex. Thus no matter what vertex
Staller burns in round 1, at most one vertex remains unburned after the spreading
phase of round 2, so Burner can finish the game with his ensuing move. Since G ̸= K1,
b′g(G) = 2.

If b′g(G) = 2, then G ̸= K1 and no matter which vertex Staller plays in round 1 starts,
Burner can ensure that the game ends in the second time step. This means that every
vertex of G has at most one non-neighbor, thus δ(G) ≥ n− 2.

Proposition 10. Let G be a connected graph. Then bg(G) = 3 if and only if ∆(G) ≤
|V (G)| − 3 and there exists v ∈ V (G) such that every vertex in V (G −N [v]) is adjacent to
all but at most one vertex in V (G−N2[v]).

Proof. Suppose first that bg(G) = 3. Then there exists an optimal first move of Burner,
v ∈ V (G), such that no matter what Staller plays during her subsequent turn, at most
one unburned vertex remains after the spreading phase of round 3. Thus every vertex in
V (G)−N [v] – that is, every possible Staller move – is adjacent to all but at most one vertex
not in N2[v] (and Burner plays this vertex in round 3). Additionally, since bg(G) = 3, by
Proposition 9 we know that ∆(G) ≤ |V (G)| − 3.

Now suppose that both conditions from the statement are satisfied. Burner’s strategy
is to first play v in round 1. No matter where Staller plays in round 2, at most one vertex
remains unburned after the spreading phase of round 3; Burner plays this vertex (if it exists)
with his ensuing turn.

Proposition 11. Let G be a connected graph. Then b′g(G) ≤ 3 if and only if for every
v ∈ V (G), we have ∆(G−N2[v]) ≥ |V (G−N2[v])| − 2.

Proof. First suppose that ∆(G − N2[v]) ≥ |V (G−N2[v])| − 2 for every vertex v ∈ V (G).
Staller starts the game on some vertex v. Then Burner can finish it in at most three rounds
if he chooses one of the vertices of maximum degree in V (G−N2[v]) in his subsequent turn.
Because of the condition ∆(G−N2[v]) ≥ |V (G−N2[v])|−2 this leaves at most one unburned
vertex after the spreading phase of round 3. Hence, Staller can only play on this vertex (if
at all). Thus b′g(G) ≤ 3.
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Suppose to the contrary that there exists v ∈ V (G) such that ∆(G−N2[v]) < |V (G−N2[v])|−
2. On Staller’s first turn, she burns v. Let w be Burner’s move in the next round. After the
selection phase of round 3, all vertices in N2[v] have burned, as have all vertices in N [w].
Since ∆(G−N2[v]) < |V (G−N2[v])| − 2, we have

|N2[v] ∪N [w]| < |N2[v]| + |V (G−N2[v])| − 1 = |V (G)| − 1,

so at least two unburned vertices remain. Hence, Staller cannot be forced to burn the rest
of the graph in the selection phase of round 3.

Note that one can obtain a characterization of graphs with the Staller-start game burning
number equal to 3 by combining Propositions 9 and 11.

Proposition 12. If G has diameter at most 2, then b(G) = bg(G).

Proof. If the diameter of G is 1, then G is a complete graph on at least two vertices for
which b(G) = bg(G) = 2.

Now suppose that the diameter is 2, hence every burning process, whether it is the
usual burning or the burning game, will finish in at least 2 and in at most 3 rounds. By
Proposition 9, bg(G) = 2 if and only if G ̸= K1 and ∆(G) ≥ |V (G)| − 2. We already know
that G ̸= K1 because of the diameter being 2, hence G must be a complete graph on at least
two vertices without a matching. In such a graph we can burn a vertex that spreads fire to
all but at most one vertex in the second round. Hence in the second round we only have at
most one vertex to choose for the second source, i.e. b(G) = 2.

In the case of bg(G) = 3 the graph G must have ∆(G) ≤ |V (G)| − 3. No matter how we
select the source in the first round, in the second round, after the spread, at least two vertices
will remain unburned. We have to chose one of them for the second source, and the third
round has to start in order to burn the remaining vertex (or vertices). Hence, b(G) = 3.

3 The Burning Number Conjecture

As mentioned in the Introduction, the burning number conjecture, posed by Bonato et al. [11],
has attracted a great deal of attention in recent years. Recall that the burning number
conjecture states that for every n-vertex connected graph G, we have b(G) ≤ ⌈

√
n⌉ or,

equivalently, b(G) ≤ b(Pn). In this section, we consider the analogous question for the
burning game: what is the maximum value of bg(G) among n-vertex connected graphs G?

It was shown in [11] that whenever G′ is a spanning subgraph of G, we have b(G) ≤ b(G′).
Consequently,

b(G) ≤ min{b(T ) : T is a spanning tree of G}.

Bonato et al. showed that, in fact, the inequality above always holds with equality; this
result, known as the Tree Reduction Theorem, is a fundamental tool in attacking the burning
number conjecture.
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Theorem 13 (Tree Reduction Theorem ([11], Corollary 2.5)). For every connected graph
G, we have

b(G) = min{b(T ) : T is a spanning tree of G}.

As a consequence of the Tree Reduction Theorem, to determine the maximum burning
number of an n-vertex connected graph, one needs only determine the maximum burning
number of an n-vertex tree. Unfortunately, this result does not extend to the burning game.
Lemma 8 implies that

bg(G) ≤ min{bg(T ) : T is a spanning tree of G};

however, unlike in the burning process, equality need not hold.

Example 14. For the graph G shown in Figure 2, we have bg(G) = 3, but for every spanning
tree T of G, we have bg(T ) ≥ 4.

u1

u2
u3

v

w1 w2

x1 x2

y1 y2

z

Figure 2: The graph G in Example 14

Since ∆(G) = 5 ≤ |V (G)| − 3 and since every vertex in G − N [v] = {x1, x2, y1, y2, z}
is adjacent to all but at most one vertex in G − N2[v] = {y1, y2, z}, Proposition 10 yields
bg(G) = 3.

Now consider the game on T , for an arbitrary spanning tree T of G. We first claim that
to have any chance of completing the game within 3 rounds, Burner must burn vertex v in
round 1. If Burner burns x1, x2, y1, y2, or z in round 1, then Staller can burn u1 in round
2; both u2 and u3 will remain unburned after the spreading phase of round 3, and Burner
cannot burn both of them. If instead Burner burns w1 (respectively, w2), then again Staller
burns u1 in round 2; this time, after the spreading phase of round 3, vertices z and x2 (resp.
x1) remain unburned, and Burner cannot burn both. Finally, if Burner burns some ui in
round 1, then Staller burns z in round 2; after the spreading phase of round 3 both x1 and
x2 remain unburned, and once again Burner cannot burn both.

Suppose, then, that Burner burns v in round 1. Because T is a spanning tree of G, some
edge xiyj, i, j ∈ {1, 2}, must not be present in T ; by symmetry, assume x1y2 is not present.
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In round 2, Staller burns x1. Now after the spreading phase of round 3, both y2 and z remain
unburned, and Burner cannot burn both. Thus bg(T ) ≥ 4.

We do not know of any graphs G for which minT{bg(T ) − bg(G)} ≥ 2 (where the min-
imization is over all spanning trees T of G); this would be an interesting topic for future
research.

For the burning process, Bonato et al. [11] showed that b(Pn) = ⌈
√
n⌉; hence, the burning

number conjecture postulates that b(G) ≤ b(Pn) for all n-vertex connected graphs G. Thus,
when seeking the maximum value of bg(G) over n-vertex connected graphs, it is natural to
look first at the burning game on paths. Theorem 15 gives lower and upper bounds on bg(Pn)
and b′g(Pn) that differ by at most 1.

Theorem 15. For all n ≥ 1, we have⌈√
2n + 1 − 1

⌉
≤ bg(Pn) ≤

⌈√
2n +

1

4
− 1

2

⌉
and ⌈√

2n + 2 − 1
⌉
≤ b′g(Pn) ≤

⌈√
2n +

1

4
− 1

2

⌉
.

Proof. Before giving the proof, we briefly describe the idea. For the upper bounds, we show
how Burner can place sources so that the fire quickly covers large portions of the path and
the remaining unburned parts become shorter and easier to handle in the following rounds.
For the lower bounds, we describe a strategy for Staller that maintains several separated
components of burned vertices, which limits how much the fire can grow from round to
round and therefore forces the game to last longer. Both parts of the argument are then
formalized using induction.

For the upper bound on bg(Pn), we first claim that in the Burner-start game, Burner can
force all vertices of Pn to burn within r rounds whenever n ≤ r(r + 1)/2, even if the impact
of Staller’s moves is completely ignored. (Note that by the Continuation Principle, ignoring
Staller’s moves would be suboptimal for Burner and hence cannot reduce the length of the
game.) We will prove this claim through induction on r. When r = 1 we have 1(1+1)/2 = 1,
and it is clear that Burner can burn a path on one vertex in one round. When r = 2 we have
2(2 + 1)/2 = 3; within two rounds, Burner can burn a path on two vertices by playing either
vertex in round 1, and they can burn a path on three vertices by playing the central vertex
in round 1. Fix r ≥ 3 and assume that within r − 2 rounds, Burner can burn any path on
(r− 2)(r− 1)/2 or fewer vertices. Let the vertices of Pn be v1, v2, . . . , vn, in order. If n < r,
then no matter which vertex Burner burns in round 1, all n vertices will be burned by the
end of round r. Otherwise, in round 1, Burner burns vertex vr. Note that by the end of
round r, the fire on vertex vr will have spread to vertices v1, . . . , v2r−1. Hence, if n ≤ 2r− 1,
then all n vertices will be burned by the end of round n. Otherwise, Burner can burn the
subpath consisting of vertices v2r, . . . , vn within rounds 3, . . . , r by the induction hypothesis,
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since n− (2r−1) ≤ r(r+ 1)/2−2r+ 1 = (r2−3r−2)/2 = (r−2)(r−1)/2. This establishes
the claim that Burner can burn all of Pn whenever n ≤ r(r + 1)/2; the desired upper bound
on bg(Pn) now follows because

n ≤ r(r + 1)

2
implies 2n ≤ r2 + r =

(
r +

1

2

)2

− 1

4
, so

√
2n +

1

4
≤ r +

1

2
,

so
⌈√

2n + 1
4
− 1

2

⌉
rounds suffice to burn Pn in the Burner-start game.

Similar arguments yield the claimed upper bound on b′g(Pn). As in the preceding para-
graph, it suffices to show that in the Staller-start game on Pn, Burner can ensure that all
vertices of Pn burn within r rounds whenever n ≤ r(r + 1)/2. Suppose Staller plays vertex
vi in the first round of the game; we consider two cases.

• Case 1: i ≤ r or i ≥ n−r+1. By symmetry, we may suppose i ≤ r. Staller’s first move
will ensure that vertices v1, . . . , vr all burn within r rounds. Hence, Burner need only
worry about burning vr+1, . . . , vn in the remaining r−1 rounds; the arguments used for
the Burner-start game show that Burner can do this provided that n− r ≤ (r− 1)r/2,
i.e. n ≤ r(r + 1)/2.

• Case 2: r + 1 ≤ i ≤ n − r. In this case, Staller’s first move will ensure that vertices
vi−r+1, . . . , vi+r−1 all burn within r rounds, so Burner need only burn the subpath
induced by v1, . . . , vi−r and the subpath induced by vi+r, . . . , vn in the remaining r− 1
rounds.

We claim that in the Burner-start game, Burner can burn the graph Ps ∪ Pt within
r − 1 rounds provided that s + t ≤ (r − 2)(r − 1)/2. We prove this through induction
on r. If r ≤ 2 then the claim is trivial, so suppose r ≥ 3, and suppose without loss of
generality that s ≥ t.

– If s ≤ 2r − 3, then with his first move, Burner plays a central vertex of Ps. This
causes the entire Ps to burn within r − 1 rounds. To finish the game, Burner
need only burn Pt within the final r−3 rounds; the arguments used above for the
Burner-start game show that this is possible provided that t ≤ (r − 3)(r − 2)/2.
Since s ≤ t, we have

t ≤ ⌊(s + t)/2⌋ ≤ ⌊(r − 1)(r − 2)/4⌋ ≤ (r − 3)(r − 2)/2,

so Burner can burn Ps ∪ Pt within r − 1 rounds, as claimed.

– If instead s > 2r−3, then Burner plays the (r−1)st vertex of the Ps. In the course
of r− 1 rounds, this move will cause the first 2r− 3 vertices of the Ps to burn, so
Burner need only burn Ps−2r+3 ∪Pt in the final r− 3 rounds of the game. By the
induction hypothesis, this is possible provided that s−2r+3+t ≤ (r−4)(r−3)/2;
this is equivalent to s + t ≤ (r2 − 7r + 12)/2 + 2r − 3 = (r2 − 3r + 6)/2, which
holds by the initial assumption that s + t ≤ (r − 2)(r − 1)/2 = (r2 − 3r + 2)/2.
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It follows that Burner can burn the subpaths of Pn induced by v1, . . . , vi−r and by
vi+r, . . . , vn within r−1 rounds provided that (i−r)+(n−(i+r)+1) ≤ (r−2)(r−1)/2,
i.e. n − 2r + 1 ≤ (r − 2)(r − 1)/2, which is equivalent to the initial assumption that
n ≤ r(r + 1)/2.

Next, we turn to the lower bounds. For the lower bound on bg(Pn), we claim that for all
k ≥ 1, Staller can ensure that:

• By the end of round 2k − 1, at most 2k2 − 1 vertices are burned, and the subgraph
induced by the burned vertices contains at most k components; and

• By the end of round 2k, at most 2k2+2k vertices are burned, and the subgraph induced
by the burned vertices contains at most k components.

We proceed through induction on k. Let v be the vertex burned by Burner in round 1. At
the end of round 1, only one vertex – namely, v – will have been burned, and there will be
only one component of burned vertices. In the spreading phase of round 2, the neighbors of
v will themselves burn, so in total at most three vertices will have been burned. After this
happens, assuming that the game has not yet finished, the graph will contain both burned
and unburned vertices; Staller will burn any unburned vertex that is adjacent to a burned
vertex. Note that this does not increase the number of components of burned vertices. Thus,
at the end of round 2, at most four vertices will have been burned, and there will be at most
one component of burned vertices. Hence, the claim holds when k = 1.

Suppose next that at the end of round 2k, at most 2k2+2k vertices have been burned and
there are at most k components of burned vertices. In the spreading phase of round 2k + 1,
every unburned vertex adjacent to a burned vertex becomes burned; since there are at most
k components of burned vertices, at most 2k additional vertices get burned, and the number
of components of burned vertices cannot increase. Next, Burner burns an additional vertex;
in addition, the number of components of burned vertices could increase by 1. Thus, at the
end of the round, the number of burned vertices is at most 2k2 +2k+2k+1 = 2k2 +4k+1 =
2(k + 1)2 − 1 and there are at most k + 1 components of burned vertices, as claimed.

Similarly, in the spreading phase of round 2k + 2, at most 2(k + 1) additional vertices
burn, after which Staller burns any unburned vertex with a burned neighbor (assuming that
the game has not yet finished). Thus at the end of the round, the number of burned vertices
is at most 2(k + 1)2 − 1 + 2(k + 1) + 1 = 2(k + 1)2 + 2(k + 1) and there are at most k + 1
components of burned vertices, as claimed. Hence, the claim holds for all k.

Now suppose that the game finishes after r rounds. Since all n vertices have been burned,
Staller’s strategy ensures that n ≤ 2k2−1 if r = 2k−1 for some k, and n ≤ 2k2+2k if r = 2k.
In the former case, we have k ≥

√
(n + 1)/2, hence r = 2k − 1 ≥

√
2n + 2 − 1; in the latter

case we have n ≤ 2((k + 1/2)2 − 1/4), hence k ≥
√

n/2 + 1/4− 1
2
, so r = 2k ≥

√
2n + 1− 1.

In either case r ≥
√

2n + 1 − 1; since r must be an integer, we have r ≥
⌈√

2n + 1 − 1
⌉
, as

claimed.
Similar arguments yield the claimed lower bound on b′g(Pn). For the sake of brevity, we

omit the details and only explain the changes needed to adapt the argument above to the
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Staller-start game. The Staller-start game is a bit worse for Staller since she must create a
new component of burned vertices in round 1. Thus, in the Staller-start game, for all k ≥ 1,
Staller can only ensure that:

• By the end of round 2k − 1, at most 2k2 − 1 vertices are burned, and the subgraph
induced by the burned vertices contains at most k components, at least one of which
includes an endpoint of Pn; and

• By the end of round 2k, at most 2k2 + 2k − 1 vertices are burned, and the subgraph
induced by the burned vertices contains at most k + 1 components, at least one of
which includes an endpoint of Pn.

(Note that the stipulation that one component of burned vertices contains an endpoint of
Pn arises from Staller playing her first move on v1; note also that this component can only
spread fire to one additional vertex – not two – in each round.) If the game finishes after
r rounds, then we must have n ≤ 2k2 − 1 if r = 2k − 1 for some k and n ≤ 2k2 + 2k − 1
if r = 2k for some k. The former case implies r ≥

√
2n + 2 − 1; the latter case implies

n ≤ 2((k + 1/2)2 − 3/4), so r = 2k ≥ 2(
√

n/2 + 3/4 − 1/2) =
√

2n + 3 − 1. In either case,
r ≥

⌈√
2n + 2 − 1

⌉
, as claimed.

The strategies for Burner and for Staller in the proof of Theorem 15 work on Cn as well
as on Pn. Again, the upper and lower bounds given differ by at most 1.

Theorem 16. For all n ≥ 3, we have

⌈√
2n + 1 − 1

⌉
≤ bg(Cn) ≤

⌈√
2n +

1

4
− 1

2

⌉

and ⌈√
2n + 7 − 2

⌉
≤ b′g(Cn) ≤

⌈√
2n +

17

4
− 3

2

⌉
.

Proof. For the Burner-start game, the claimed bounds follow by the same arguments used
to bound bg(Pn) in Theorem 15. For the Staller-start game, the arguments are very similar
to those used in Theorem 15, with the following changes:

• For the upper bound, we may assume by symmetry that Staller’s first move is on vertex
vr, which will cause vertices v1, . . . , v2r−1 to burn within r rounds; Burner thus need
only worry about burning the subpath induced by v2r, . . . , vn.

• For the lower bound, unlike on Pn, Staller is no longer able to ensure that the com-
ponent of burned vertices she creates in round 1 can only spread fire in one direction,
rather than two.

We leave verification of the details to the reader.
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Although the lower and upper bounds in both Theorem 15 and Theorem 16 differ only
by 1, computer search suggests that neither bound consistently yields the true value of the
game burning number. We suspect that determining the exact values of bg(Pn) and bg(Cn)
may be quite complicated.

Theorem 15 shows that bg(Pn) = (1 + o(1))
√

2n. The burning number conjecture posits
that paths have the maximum burning number among connected n-vertex graphs, so it is
natural to hypothesize that perhaps the same is true in the burning game. As we next show,
this is in fact true, at least in an asymptotic sense: for every connected n-vertex graph G,
we have bg(G) ≤ (1 + o(1))

√
2n. We obtain this result as a consequence of recent progress

toward the burning number conjecture. We begin with a lemma about the burning process.
(Note that this lemma deals with the original burning process, not the burning game.)

Lemma 17. If every connected graph H satisfies b(H) ≤ f(|V (H)|), then for every connected
graph G we have b(G2) ≤ f(k) + 1, where k denotes the smallest size of a partite set in any
spanning tree of G.

Proof. Let G be a connected graph, and let T be a spanning tree of G with one partite set
having size k. Since T is a spanning subgraph of G, it follows that T 2 is a spanning subgraph
of G2 and hence that b(G2) ≤ b(T 2), so it suffices to argue that b(T 2) ≤ f(k) + 1.

Let X be a partite set of T with |X| = k and let H be the subgraph of T 2 induced by
X. Note that connectivity of T implies connectivity of H. Moreover, if we have a strategy
to burn H, then playing the same moves in T 2 and waiting one additional turn will ensure
that we burn all vertices in T 2. More precisely, let v1, v2, . . . , vm be a burning sequence in H;
we claim that for any vertex w in T 2 (other than v1, . . . , vm), the sequence v1, v2, . . . , vm, w
is a burning sequence in T 2. Two vertices of X are adjacent in H if and only if they are
adjacent in T 2; hence, for any vertices x, y ∈ X, we have distT 2(x, y) = distH(x, y). Since
v1, v2, . . . , vm is a burning sequence in H, we have

X ⊆ Nm−1[v1] ∪Nm−2[v2] ∪ · · · ∪N0[vm]

(in both H and T 2). By connectedness and bipartiteness of T , every vertex of T either
belongs to X or is adjacent to some vertex of X in T (and hence also in T 2); thus,

V (T 2) ⊆ N [X] ⊆ Nm[v1]∪Nm−1[v2]∪· · ·∪N1[vm] ⊆ Nm[v1]∪Nm−1[v2]∪· · ·∪N1[vm]∪N0[w],

so v1, v2, . . . , vm, w is a burning sequence in T 2. Thus,

b(T 2) ≤ b(H) + 1 ≤ f(|V (H)|) + 1 = f(k) + 1,

as claimed.

Norin and Turcotte [31] recently showed that b(G) ≤ (1 + o(1))
√
n for all connected

n-vertex graphs; this result, together with Lemma 17, yields the following general upper
bound on bg(G).
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Corollary 18. If G is a connected graph on n vertices, then

bg(G) ≤ (1 + o(1))
√

2n.

Proof. Let G be a connected n-vertex graph. In any spanning tree of G, some partite set
has size at most n/2; thus Proposition 1, the Tree Reduction Theorem, Lemma 17, and the
aforementined result of Norin and Turcotte together yield

bg(G) ≤ 2b(G2) − 1 ≤ 2((1 + o(1))
√

n/2 + 1) − 1 ≤ 2(1 + o(1))
√
n/2 + 1 = (1 + o(1))

√
2n,

as claimed.

Note that Corollary 18 and Theorem 15 show that for every connected n-vertex graph
G, we have bg(G) ≤ (1 + o(1))bg(Pn). Hence paths are, in an asymptotic sense, graphs with
largest possible game burning number.

If the burning number conjecture is in fact true, then an argument similar to that used
in Corollary 18 yields a tighter upper bound on bg(G).

Corollary 19. If the burning number conjecture is true, then for every connected graph G
on n vertices, we have bg(G) ≤

⌊√
2n

⌋
+ 3.

Proof. As in the proof of Corollary 18, in any spanning tree of G, some partite set has size
at most n/2. Thus, assuming the truth of the burning number conjecture, we have

bg(G) ≤ 2b(G2) − 1 ≤ 2(
⌈√

n/2
⌉

+ 1) − 1 ≤ 2(
√
n/2 + 2) − 1 = 2

√
n/2 + 3 =

√
2n + 3;

since bg(G) must be an integer, it follows that bg(G) ≤
⌊√

2n
⌋

+ 3, as claimed.

4 Computational Complexity

We conclude the paper by examining the computational complexity of the burning game. In
particular, we consider the following decision problem:

BurningGame: Given a graph G and positive integer k, is bg(G) at most k?

As mentioned in the introduction, determining the burning number of graphs is NP-
complete even for trees with maximum degree 3 and several other classes of graphs [7].
Consequently, it is natural to suspect that BurningGame is NP-hard (if not NP-complete).
We next prove that this is in fact the case.

We will prove the NP-hardness of this problem through reduction from the problem 3-
SAT, which is well-known to be NP-complete (see, for example, [24]). A 3-SAT instance
consists of a propositional logic formula φ in conjunctive normal form, in which each clause
consists of three literals (where a literal is either a variable or the negation of a variable).
That is,

φ = C1 ∧ C2 ∧ · · · ∧ Cm,
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where each Ci has the form a ∨ b ∨ c, with a, b, and c being literals. The 3-SAT problem is
to determine whether or not φ has a satisfying assignment, i.e. whether or not it is possible
to choose truth values for the variables under which φ is true.

Theorem 20. BurningGame is NP-hard.

Proof. As noted above, we will prove that BurningGame is NP-hard through reduction
from 3-SAT. Let φ be an instance of 3-SAT, and suppose that φ uses variables x1, x2, . . . , xn;
we show how to construct a graph G such that φ has a satisfying assignment if and only if
bg(G) ≤ 4n + 1.

We construct such a graph G as follows. First, for each variable xi, we construct a
corresponding subgraph Gi, as follows:

• Add vertices xT
i and xF

i , as well as the edge xT
i x

F
i .

• Add vertices a1i , a
2
i , . . . , a

4n−2i+1
i , edges a1i a

2
i , a

2
i a

3
i , . . . , a

4n−2i
i a4n−2i+1

i , and edges from
a1i to both xT

i and xF
i .

• Add vertices t1i , t
2
i , . . . , t

4n−2i
i , edges t1i t

2
i , t

2
i t

3
i , . . . , t

4n−2i−1
i t4n−2i

i , and edge t1ix
T
i ; we refer

to this path as the true fuse for xi.

• Add vertices f 1
i , f

2
i , . . . , f

4n−2i
i , edges f 1

i f
2
i , f

2
i f

3
i , . . . , f

4n−2i−1
i f 4n−2i

i , and edge f 1
i x

F
i ; we

refer to this path as the false fuse for xi.

• Add a vertex zi and edges zit
4n−2i
i and zif

4n−2i
i .

Now, for each clause C of φ, we add two clause vertices vC and v′C . For each i ∈ {1, . . . , n},
add edges joining t4n−2i

i to all clause vertices vC and v′C such that C contains the literal xi;
likewise, add edges joining f 4n−2i

i to each clause vertex vC or v′C such that C contains the
literal xi. We additionally add components H1, H2, . . . , Hn, where Hi is a path on 4(n−i)+3
vertices. We refer to each vertex added to G so far as a base vertex ; furthermore, for each
base vertex v, we add a pendant vertex adjacent to v. (Note that we do not consider the
pendant vertices themselves to belong to the Gi or Hi.) Finally, we add one isolated vertex,
z. An example is shown on Figure 3.

We claim that φ has a satisfying assignment if and only if bg(G) ≤ 4n + 1. Intuitively,
G has been designed so that under optimal play, Burner must play either xT

i or xF
i on his

ith turn for i ∈ {1, . . . , n}, after which he must play one move in each of the components
H1, . . . , Hn, in order. If Burner plays xT

i on his ith turn, then this is analogous to setting
variable xi to be true in the 3-SAT instance; likewise, playing xF

i is analogous to setting xi

to be false. The lengths of the true fuses and false fuses have been chosen so that, provided
Burner plays as claimed (and Staller plays optimally), no clause vertices burn until the
spreading phase of round 4n. Note that if Burner plays xT

i , then he does so in the (2i− 1)th
round of the game, so the true fuse for xi begins burning in round 2i−1, while the false fuse
does not begin burning until round 2i. As such, in round 4n, the fire from xT

i spreads to
all clause vertices adjacent to t4n−2i

i , but not to those adjacent to f 4n−2i
i . Likewise, playing
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Figure 3: The graph G corresponding to the propositional logic formula C1 ∧ C2, where
C1 = x1 ∨ x2 ∨ x3 and C2 = x1 ∨ x2 ∨ x3 (pendant vertices not pictured).
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xF
i ensures that the clause vertices adjacent to f 4n−2i

i burn in round 4n, rather than those
adjacent to t4n−2i

i . Hence, choosing values for x1, . . . , xn that satisfy φ will ensure that every
clause of ϕ contains a true literal, which in turn ensures that all clause vertices burn in round
4n, and the attached pendant vertices burn in round 4n + 1.

We begin with some observations about optimal play by Burner. First, we show that
Burner never needs to play a pendant vertex, except perhaps in the final round of the game.
Suppose that in the kth round of the game, Burner plays a pendant vertex v with neighbor w,
and additionally suppose that the game does not end in round k. We claim that Burner would
do no worse by playing w instead of v. To see this, let S denote the set of burned vertices
prior to the selection phase of round k; additionally, let Sv (resp. Sw) denote the set of burned
vertices prior to the selection phase of round k + 1, provided that Burner plays v (resp. w)
in round k. We have Sv = N [S ∪ {v}] = N [S] ∪N [v] and Sw = N [S ∪ {w}] = N [S] ∪N [w];
since N [v] ⊆ N [w] we thus have Sv ⊆ Sw. The Continuation Principle now implies that
Burner does at least as well by playing w as by playing v.

Next, we show that Burner never needs to play the last base vertex in any component of
G, except perhaps on his final turn of the game. Suppose that in round k, Burner plays some
base vertex v, which is the last unburned base vertex in component K. Moreover, suppose
that Staller responds by playing some vertex w in round k + 1, and suppose that the game
continues until at least round k + 2. We claim that Burner would do no worse by playing w
instead of v. Let S denote the set of burned vertices after the spreading phase of round k,
and let Sv (resp. Sw) denote the set of burned vertices after the spreading phase of round
k + 2, provided that Burner plays v (resp. w) in round k. Note that every component of G
– other than the isolated vertex z – contains at least two base vertices, so S must contain
some burned non-pendant neighbor of v in C; by the end of the spreading phase of round
k+2, the fire from this neighbor will have spread to both v and its attached pendant vertex.
Hence N2[v] ⊆ N2[S] and so

Sv = N [N [S ∪ {v}] ∪ {w}] = N2[S] ∪N2[v] ∪N [w] ⊆ N2[S] ∪N [w].

On the other hand,

Sw = N [N [S ∪ {w}] ∪ {x}] = N2[S] ∪N2[w] ∪N [x] ⊇ N2[S] ∪N2[w] ⊇ N2[S] ∪N [w] ⊇ Sv,

where x denotes the vertex played by Staller in round k + 1 provided that Burner plays w
in round k. Since Sw ⊇ Sv, the Continuation Principle implies that Burner does at least as
well by playing w as by playing v, as claimed. Similar reasoning shows that Burner never
needs to play vertex z, except perhaps on his final turn.

Hence we may assume that Burner never plays a pendant vertex, nor does he ever play
the last non-pendant vertex in any component of G (except perhaps on his last turn of
the game). Armed with these observations, we are ready to present an optimal strategy
for Staller. On each turn – except, perhaps, for her final turn – Staller simply plays any
unburned pendant vertex whose neighbor is already burned. To see that some such vertex
must exist, consider Burner’s preceding move. Burner must have played a base vertex in
some component K of G and, moreover, cannot have played the last remaining unburned
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base vertex in K. Consequently, during the subsequent spreading phase, the fire must have
spread to some previously-unburned base vertex v in K. Let w denote the pendant vertex
adjacent to v; it is clear that w cannot yet have been burned, so w is a vertex of the type
Staller seeks. It is relatively straightforward to see that this Staller strategy is optimal.
Since w already has a burned neighbor, fire will spread to w within one round, regardless
of whether or not Staller selects it; hence, by burning w, Staller effectively avoids enlarging
the set of burned vertices. By the Continuation Principle, Staller cannot possibly hope to
do any better than this. Furthermore, note that if the game lasts for exactly 4n+ 1 rounds,
then Burner takes the last turn; it follows that even on Staller’s final turn, she may play an
unburned pendant vertex with burned neighbor.

Burner’s optimal strategy is more complicated. We begin with an overview. Assuming
that Staller follows the optimal strategy presented above, Burner will first play a vertex in
G1, then one in G2, and so on up through Gn; after this point, Burner will play in H1, then
H2, and so on up through Hn. Finally, Burner plays z. (As we will see, the game will end
either after Burner plays z or after the subsequent spreading phase, so Burner will not have
any further turns.) When playing in Gi, Burner will play either xT

i or xF
i . Burner will choose

their moves according to a satisfying assignment for φ (provided that one exists); playing
xT
i will be tantamount to setting variable xi to be true, and playing xF

i will be tantamount
to setting it to be false. When playing in Hi, Burner will play a central vertex.

We first claim that if φ has a satisfying assignment, then Burner’s strategy ensures that
the game ends within 4n+ 1 rounds. It suffices to argue that Burner’s strategy will cause all
base vertices of G to burn by the end of round 4n; consequently, all still-unburned pendant
vertices would burn during the spreading phase of round 4n+ 1, leaving only z to be burned
during the selection phase of round 4n + 1. Burner will play in Gi in round 2i − 1. Both
xT
i and xF

i are within distance 4n− 2i + 1 of all base vertices of Gi. Thus, whether Burner
plays xT

i or xF
i , all base vertices of Gi will burn by the end of round 4n. Likewise, Burner

will play in Hi in round 2n + 2i − 1; since Hi has radius 2n − 2i + 1, Burner’s move in Hi

will ensure that all base vertices of Hi burn by the end of round 4n. Finally, note that if
Burner plays xT

i in round 2i − 1, then vertex t4n−2i
i will burn by the end of round 4n − 1,

and as such, for all clauses C of φ that contain xi, all clause vertices vC and v′C will burn by
the end of round 4n; likewise, if Burner plays xF

i in round 2i− 1, the for all clauses C that
contain xi, the clause vertices vC and v′C will burn by the end of round 4n. Consequently, if
φ has a satisfying assignment, then Burner’s moves will cause all clause vertices to burn by
the end of round 4n. Thus if φ has a satisfying assignment, then all base vertices of G burn
by the end of round 4n, hence bg(G) ≤ 4n + 1.

We next argue that if Burner does not or cannot follow this strategy – for example,
because there is no satisfying assignment for φ – then G will not be fully burned by the
end of round 4n + 1 (provided that Staller plays optimally). We prove this through a series
of claims. In what follows, we assume that Staller follows the optimal strategy presented
above.

We first claim that Burner must play at least one move in each Gi and each Hi. As argued
above, with the possible exception of the last move of the game, Staller only burns pendant
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vertices with already-burned neighbors. Hence, all base vertices in G must be burned by
Burner (either directly, or as a result of fire spreading from Burner’s moves). It follows
immediately that Burner must play at least one move in each Hi, so consider the Gi. For
fixed i, if Burner plays some base vertex v outside of Gi, then fire can spread from v to Gi

only by way of the clause vertices. The distance from any clause vertex to vertex a4n−2i+1
i is

at least 8n − 4i + 2 which, in turn, is at least 4n + 2. Hence, even if Burner plays a clause
vertex in round 1, the fire will not reach a4n−2i+1

i until after round 4n + 1. Thus, in order
for the game to end within 4n + 1 rounds, Burner must play at least one move in Gi.

Because Burner must play at least one move in each Gi and Hi, and because he does
not play z except perhaps on his last turn, it follows that Burner’s first 2n moves are base
vertices in the Gi and Hi; consequently, Staller’s first 2n moves are all pendant vertices with
already-burned neighbors. Thus, vertex z is not burned within the first 4n rounds of the
game, so Burner must play z in round 4n + 1. It now follows that Burner plays exactly one
move in each Gi and Hi. Note that Gi has radius 4n− 2i + 1, with the only central vertices
being xT

i and xF
i . In particular, G1 has radius 4n− 1. Burner must cause all base vertices of

G1 to burn by the end of round 4n (so that the pendant vertices burn during the spreading
phase of round 4n + 1), so he must play either xT

1 or xF
1 in round 1. Similarly, he must play

either xT
2 or xF

2 in round 3, either xT
3 or xF

3 in round 5 and, in general, either xT
i or xF

i in
round 2i − 1 for all i ∈ {1, . . . , n}. Thus Burner cannot play in Hi until, at the earliest,
round 2n + 1. Since H1 has radius 2n− 1, in order to cause all base vertices of H1 to burn
by the end of round 4n, Burner must play a central vertex of H1 in round 2n + 1. Similar
reasoning shows that Burner must play a central vertex of Hi in round 2(n + i) − 1 for all
i ∈ {1, . . . , n}.

It follows from the observations above that Burner’s strategy will cause all base vertices
in the Gi and Hi to burn by the end of round 4n (which in turn causes all yet-unburned
pendant vertices to burn in round 4n+ 1). Additionally, Burner will burn vertex z in round
4n+ 1. Thus, all vertices will burn except perhaps for the clause vertices and their attached
pendants. As noted above, if Burner plays xT

i in round 2i − 1, then in round 4n, the fire
from xT

i spreads to all clause vertices adjacent to t4n−2i
i , but not to those adjacent to f 4n−2i

i .
Likewise, playing xF

i ensures that the clause vertices adjacent to f 4n−2i
i burn in round 4n,

rather than those adjacent to t4n−2i
i . We have already seen that if Burner’s moves in the

Gi correspond to a satisfying assignment for φ, then all of G burns within 4n + 1 rounds,
so suppose that Burner’s moves do not correspond to a satisfying assignment. Let C be a
clause of φ not satisfied by the truth assignment corresponding to Burner’s moves. After the
spreading phase of round 4n, the clause vertices vC and v′C have not yet burned. Since these
vertices have not burned, neither have their attached pendant vertices; in particular, neither
of the pendants can have been played by Staller. Because the pendants attached to vC and
v′C are not adjacent and have no common neighbor, no matter what Staller plays in round
4n, at least one pendant will remain unburned after the spreading phase of round 4n + 1.
Since Burner must play z in round 4n + 1, it follows that at least one of the pendants will
remain unburned at the end of round 4n + 1.

We have argued that Burner may play so as to end the game within 4n+1 rounds if, and

23



only if, φ has a satisfying assignment. Since G has size polynomial in n, this construction
provides a polynomial-time reduction from 3-SAT to BurningGame. Since 3-SAT is NP-
hard, so must be BurningGame.

While Theorem 20 shows that BurningGame is NP-hard, we make no attempt to show
that it is NP-complete; in fact, we suspect that it is not. The burning game is a two-player
game whose length is polynomially bounded. As such, BurningGame clearly belongs to
PSPACE – it can be solved in polynomial space using, for example, a standard backtracking
algorithm – and it is natural to suspect that BurningGame is in fact PSPACE-complete.
Intuitively, the construction in Theorem 20 uses pendant vertices to ensure that Staller can
always play a “useless” move; thus, Staller’s impact of the game is essentially eliminated, and
we are effectively left with a one-player game. Any proof that BurningGame is PSPACE-
hard would need to treat the burning game as a “true” two-player game by using a reduction
wherein Staller’s optimal strategy is less straightforward and her choices are more impactful.

5 Further directions

While this paper contains several results about the burning game, including some tools that
might be useful in the future research, there are many interesting questions left open. In a
sequel paper we will provide Nordhaus-Gaddum-type results and bounds on the game burn-
ing numbers of graph products (some of which appear in the work-in-progress [17]). Below,
we suggest some additional possible directions for further research.

As mentioned in Section 3, bg(G) ≤ min{bg(T ) : T is a spanning tree of G}, but the
equality is not attained for every graph G. While bg(T ) − bg(G) for some spanning tree
T of G can be arbitrarily large (for example, take G = Kn and T = Pn), it is not clear how
large min{bg(T ) − bg(G)} can be, where the minimum is over all spanning trees T of G.

Question 21. Is it true that min{bg(T )−bg(G) : T is a spanning tree of G} is bounded from
above by a constant?

As mentioned in Section 3, we were not able to fully determine bg(Pn) (though our lower
and upper bound differ by at most 1). Based on computational evidence, Janko Gravner
[21] suggested the following.

Question 22. Is it true that for n ≥ 1 we have

bg(Pn) =

{⌈√
2n + 1 − 1

⌉
; if n = k(k+1)

2
+ 1 for some k ≥ 2,⌈√

2n + 1
4
− 1

2

⌉
; otherwise?

It would also be of interest to determine exact values of b′g(Pn), bg(Cn) and b′g(Cn).
In Section 3, we showed that, assuming the truth of the burning number conjecture, paths

have the asymptotically largest game burning number among n-vertex connected graphs.
This result suggests the following natural question:
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Question 23. Is bg(G) ≤ bg(Pn) for every connected graph G on n vertices?

It would also be interesting to know whether the burning number conjecture implies
Question 23 or vice versa.

Finally, Section 4 suggests the following question:

Question 24. Is BurningGame PSPACE-complete?
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